Electrodynamics in Friedmann-Robertson-Walker Universe: Maxwell and
  Dirac fields in Newman-Penrose formalism by Khanal, U.
ar
X
iv
:a
str
o-
ph
/0
50
85
66
v2
  2
3 
Ju
n 
20
06
Eletrodynamis in
Friedmann-Robertson-Walker Universe:
Maxwell and Dira elds in
Newman-Penrose formalism
U. Khanal
∗
Central Department of Physis, Tribhuvan University, Kirtipur, Nepal
21st Otober 2018
Abstrat
Maxwell and Dira elds in Friedmann-Robertson-Walker spaetime is in-
vestigated using the Newman-Penrose method. The variables are all separable,
with the angular dependene given by the spin-weighted spherial harmonis.
All the radial parts redue to the barrier penetration problem, with mostly
repulsive potentials representing the entrifugal energies. Both the heliity
states of the photon eld see the same potential, but that of the Dira eld
see dierent ones; one omponent even sees attrative potential in the open
universe. The massless elds have the usual exponential time dependenies;
that of the massive Dira eld is oupled to the evolution of the osmi sale
fator a. The ase of the radiation lled at universe is solved in terms of the
Whittaker funtion. A formal series solution, valid in any FRW universe, is
also presented. The energy density of the Maxwell eld is expliitly shown to
sale as a
−4
. The o-moving partile number density of the massless Dira
eld is found to be onserved, but that of the massive one is not. Partiles
ow out of ertain regions, and into others, reating regions that are depleted
of ertain linear and angular momenta states, and others with exess. Suh
urrent of harged partiles would onstitute an eletri urrent that ould
generate a osmi magneti eld. In ontrast, the energy density of these
massive partiles still sales as a
−4
.
∗
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1 Introdution
The Newman-Penrose[1℄ formalism of projeting vetors, tensors and spinors onto
a set of null tetrad bases has proved to be an immensely useful tool with whih to
investigate the properties of quantum elds in urved spaetime. It has been used
suessfully in various blak hole geometries [2, 3, 4℄. The method has also been
used more reently[5℄ to further study the behaviour of Dira partiles in dierent
geometries. As the geometry of our Universe is of the Friedmann-Robertson-Walker
type, it is important to study how eletrodynamis is altered by the real expanding
Universe in ontrast to that in Minkowskian spaetime. The behaviour of the quan-
tum elds in FRW spaetime must be indiative of the exat nature of the geometry
of our Universe, partiularly whether it is at, losed or open. Properties of matter
elds in general, and the massive Dira elds in partiular, must have profound on-
sequenes on the struture formation proess. Propagation of eletromagneti waves
in FRW spaetime was studied by Haghighipour[6℄ (see referenes therein), among
other authors.The Dira eld was studied in the NP formalism by Zea[7℄ and the
work was ontinued further by Sharif[8℄. This paper is another attempt to use the
NP method to study the behaviour of Maxwell and Dira elds in the Universe. A
slightly dierent null-tetrad bases are hosen in this paper, resulting in equations
that take on the familiar barrier penetration forms without muh ado. The Maxwell
equations for free eletromagneti waves are exatly solvable for all ases in terms
of well known speial funtions. The spatial part of the Dira equations are also
exatly solvable; the time evolution however is oupled to the evolution of the sale
fator, an be solved in terms of known funtions only for the ase of a radiation
dominated universe.
The FRW line element is usually written in the omoving oordinates as[9℄
ds2 = dt2 − a2(t)
(
dr′2
1−Kr′2 + r
′2 (dθ2 + sin2 θdφ2)) , (1)
where a(t) is the sale fator; the urvature onstant K an be saled to the values
0,+1 or −1 to desribe the at, losed or open universe respetively. In terms of
the onformal time η =
∫
dt
a
, and a hange of variable r′ = r/ (1 +Kr2/4) = r/f(r),
the line element Eq. (1) beomes[10℄
ds2 = a2(η)
[
dη2 − 1
f 2(r)
(
dr2 + r2
(
dθ2 + sin2 θdϕ2
))]
. (2)
Following Chandrasekhar's guidelines for the blak hole[11℄, we an introdue the
null tetrad lµ =
(
1,− 1
f
, 0, 0
)
, nµ =
a2
2
(
1, 1
f
, 0, 0
)
, mµ =
ar√
2f
(0, 0,−1,−i sin θ), and
the omplex onjugate m∗µ . The non vanishing spin-oeients are β = −α =
f
2
√
2ar
cot θ, ρ = − f
a2
(
a˙
af
− (f/r)′
f/r
)
, µ = f
2
(
a˙
af
+ (f/r)
′
f/r
)
, and γ = − a˙
2a
,where the
prime and the overdot denote derivatives with respet to r and η respetively.
Besides the vanishing of the spin-oeient κ beause the l vetor forms a ongru-
ene of null geodesis, and of pi telling us that the tetrad bases remain unhanged as
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they are parallely propagated along l as in Ref.[7℄, the present hoie of the bases are
anely parameterized so that ε also vanishes. The diretional derivatives an then
be written down as D = lµ∂µ =
1
a2
D−,∆ = nµ∂µ = −12D+, δ = mµ∂µ = f√2arL−,
and δ∗ = m∗µ∂µ =
f√
2ar
L+,where D± = f ∂∂r ∓ ∂∂ηand L± = ∂∂θ ∓ isin θ ∂∂ϕ . In terms of
what may be alled the tortoise oordinate dened by
r∗ =
∫
dr
f
=
2√
K
artan
√
Kr
2
=


r, K = 0
2 artan(r/2), K = 1
2 artanh(r/2), K = −1
, (3)
D± = ∂∂r∗ ∓ ∂∂η . The tortoise oordinate shown in Fig. 1 reveals that, near the
origin all the r∗'s oinide with eah other; also, from Eq. (3) it is seen that as
r → 0, r∗ → r for both K = ±1; thus, at small distanes both the losed and open
universes look basially at.
The Maxwellian wave equations are solved in the next Setion, and the solutions
are used to investigate the behaviour of the energy-momentum in the expanding
Universe. Setion 3 is devoted to Dira equations; the spatial parts of the four
omponents are easily solved, and so is the time dependene of the massless eld;
the time dependene of the massive eld is more ompliated as it is oupled to the
evolution of a; nonetheless, the ase of the radiation lled at universe is found to
have a solution in terms of the Whittaker funtion. A formal series solution that
an be used in any FRW universe is also written down. The behaviour of the Dira
urrent and energy-momentum is then investigated. The nal Setion makes some
onluding remarks.
2 Maxwell Field
In the NP formalism, the six independent omponents of the antisymmetri Maxwell
tensor Fµν are replaed by the three omplex salars[11℄ Φ0 = Fµν l
µmν , Φ1 =
1
2
Fµν (l
µnν +m∗µmν) , Φ2 = Fµνm∗µnν . Then the Maxwell equations beome
(D − 2ρ)Φ1 = (δ∗ + pi − 2α)Φ0 − κΦ2,
(δ − 2τ)Φ1 = (∆ + µ− 2γ)Φ0 − σΦ2,
(D − ρ+ 2ε)Φ2 = (δ∗ + 2pi)Φ1 − λΦ0 and
(δ − τ + 2β)Φ2 = (∆ + 2µ)Φ1 − νΦ0. (4)
With the spin-oeients and the diretional derivatives from Se. 1, and using
the fat that (1/f)D± [an(f/r)mΦ] = an(f/r)m
(
1
f
D± ∓ na˙af +m (f/r)
′
(f/r)
)
, Eqs. (4)
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beome
D−
[√
2Φ1
(
ar
f
)2]
= (L+ + cot θ)
[
Φ0
ra3
f
]
,
L−
[√
2Φ1
(
ar
f
)2]
= − r
2
f 2
D+
[
Φ0
ra3
f
]
,
r2
f 2
D−
[
2ar
f
Φ2
]
= L+
[√
2Φ1
(
ra
f
)2]
and
(L− + cot θ)
[
2ar
f
Φ2
]
= −D+
[√
2Φ1
(
ra
f
)2]
. (5)
The rst of the two pairs of Eqs. (5) an be used together to eliminate Φ1 and be
ombined into a seond order equation for Φ0 only, and similarly from the seond
pair for the equation for Φ2 only. Writing Φ+ = Φ0ra
3/f and Φ− = 2Φ2ar/f,the
resulting two equations take the form
D∓
[
r2
f 2
D±Φ±
]
+ L∓ [L± + cot θ] Φ± = 0. (6)
It is lear that the Maxwell salars in Eq. (6) are separable intoΦ± = φ±(r, η)Y±1(θ, ϕ).
Then the angular parts beome(
1
sin θ
∂
∂θ
sin θ
∂
∂θ
± 2i cos θ
sin2 θ
∂
∂ϕ
+
1
sin2 θ
∂2
∂ϕ2
− cot2 θ − 1
)
Y±1 = −λY±1, (7)
where λ is the separation onstant. Same eigenvalue λ is used for both the solutions
Y±1beause the equation for Y+1 goes over to that for Y−1 with the hange of variable
θ→ pi−θ; the two just represent the two heliity states of the photon. The solutions
are the spin weighted spherial harmonis of Goldberg, et al. [12℄ with λ = l(l+1);
l is the total angular momentum of the eld inluding its spin, so in this ase for
photons, l = 1, 2, 3, .... It is obvious that the azimuthal part is just eimϕ. The radial
and time parts then beome
D∓
[
r2
f 2
D±φ±
]
= λφ±. (8)
The relative normalization between the two heliity states is set by the easily veri-
able Teukolsky type relations
D±
[
r2
f 2
D±φ±
]
= λφ∓. (9)
Substituting Z = r
2
f2
D±φ± for the dependent variable in Eq. (8), operating on it
with D±, and writing D2 = D±D∓ = ∂
2
∂r2
∗
− ∂2
∂η2
, we end up with the equation of
motionD2Z = V Z, with the potential V = λ(f/r)2 independent of η. Consequently,
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the time dependene e−iωη an be fatored out. For the stipulated time and az-
imuthal dependene, D± = ∂∂r∗ ± iω and L± = ∂∂θ ± msin θ . Then the radial parts of
φ±, whih may be written as R± in Eq. (8), satisfy omplex onjugate equations.
Finally, we are left with the equation for the radial dependene of Z as,[
d2
dr2∗
+ ω2
]
R = V R, (10)
whih has taken the familiar form of the one dimensional quantummehanial barrier
penetration problem with the potentials for the three ases given by
V =


l(l + 1)/r2, K = 0
l(l + 1)/ sin2 r∗, K = 1
l(l + 1)/ sinh2 r∗, K = −1
. (11)
Eq. (10) is basially the same as that derived in Ref.[6℄. The potentials barriers
represented by Eq. (11) are just the rotational kineti energies. They beome thiker
for larger l. The barriers go down as 1/r2 in the at universe, fall o even more
rapidly in the open universe, and are potential wells between 0 < r∗ < pi that rise
to innity towards both the ends in the losed universe (Fig. 2). If r∗ is replaed by
ir∗ and ω by iω in the potential for K = 1 in Eq. (11) we end up with the one for
K = −1. Both the spin states of the photon satisfy the same equation with the same
real potential. The inversion relation is provided by the normalization ondition Eq.
(9) as
λR± = D∓R. (12)
2.1 Solutions
All the three ases of Eq. (10) an fortunately be solved. For K = 1, f(r) = 1 and
r∗ = r. Then Eq. (10) has the general solution [13℄
R = r [A0jl (ωr) +B0yl (ωr)] , (13)
where jl and yl are the respetive spherial Bessel funtions. As l ≥ 1, only the
j's are regular at the origin. In the asymptoti region, as 2jl = h
(1)
l + h
(2)
l →[
(−i)l+1eiωr + (i)l+1e−iωr] /ω, we an use the inversion relation Eq. (12) to see that
the inoming waves are dominated by R+and the outgoing by R−.
In the losed universe, it is most onvenient to write the solutions in terms of
the Gegenbauer funtions Cαn as
R = A1 (sin r∗)
l+1C l+1ω−l−1 (cos r∗) +B1 (sin r∗)
−l C−lω+l (cos r∗) . (14)
Again, the rst one is regular within the allowed range of r∗, and ω ≥ l + 1. These
em waves form standing waves.
We may write the solution in the open universe as
R = A−1eiωr∗ 2F1
(
−l, l + 1, 1− iω, 1
2
(1− coth r∗)
)
+B−1e−iωr∗ 2F1
(
−l, l + 1, 1 + iω, 1
2
(1− coth r∗)
)
, (15)
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onsisting of the outgoing and inoming parts at r∗ → ∞. Alternatively, we may
make the replaements r∗ → ir∗ and ω → iω in Eq. (14) to study the behaviour
near the origin. One Φ0 and Φ2 are known, Eq. (4) an be used to determine Φ1
and omplete the solutions for the eletromagneti eld.
2.2 Energy Momentum
The energy-momentum tensor of the Maxwell eld in terms of the Φ's is given by
4piTαβ = |Φ0|2 nαnβ + |Φ2|2 lαlβ + 2 |Φ1|2
{
l(αnβ) +m(αm
∗
β)
}
−4Φ∗0Φ1n(αmβ) − 4Φ∗1Φ2l(αmβ) + 2Φ∗0Φ2m(αmβ) + , (16)
where the brakets around the indies of the null-tetrad denote symmetrization and
 is the omplex onjugates of preeeding terms; Tαβ is obviously traeless. We are
partiularly interested in the time omponents whih an be determined as
4piρ = 4piT ηη =
f 2
2r2a4
[|Φ+|2 + |Φ−|2]+ 2 |Φ1|2
= −4pi (T rr + T θθ + T ϕϕ )
4piT rη = −
f 3
2r2a4
[|Φ+|2 − |Φ−|2] , (17)
where ρ is the energy density. The θ and ϕ omponents are not important for our
analysis. Noting that the neessary non-vanishing Christoel symbols are Γηηη =
Γrrη = Γ
θ
θη = Γ
ϕ
ϕη = a˙/a where the overdot represents derivative with respet to
η, we may write the onservation equation as ∂η
(√
gT ηη
)
= −∂i
(√
gT iη
)
, where
g = − det gαβ =
(
a4r2
f3
sin θ
)2
= a8g3 where g3 is the determinant of the 3-spae;
the terms with the Γ's are not written as their sum vanish due to the traelessness.
Integrating over the three spae we nd
∂η
(
Ea4
)
= −a4
∫
∂i
(√
g3T
i
η
)
= −a4
∫
dΣrT
r
η = a
4
∫
dΣr
f 3
r2
(|Φ+|2 − |Φ−|2) ,
(18)
where E is the total energy ontained within a spherial volume of radius r, and
dΣr =
r2
f3
sin θdθdϕ is an elemental area normal to the radial diretion. Using the in-
version relation, Eq. (12), we get λ2
[|Φ+|2 − |Φ−|2] = [|D−Z|2 |Y+|2 − |D+Z|2 |Y−|2] =[∣∣∣ dRdr∗
∣∣∣2 + ω2 |R|2] (|Y+|2 − |Y−|2)
+iωW [R∗, R]
(|Y+|2 + |Y−|2), where W is the Wronskian. As the Y ' s are nor-
malized to unity, when we perform the angular integration, the rst term on the left
hand side will vanish. Now R and R∗ satisfy the same equation and are proportional
to the same funtion so that the Wronskian will also vanish.Hene Ea4 remains on-
stant, and so does ρa4, during the evolution of the Universe. As a onsequene,
there is no net ux of eletromagneti energy owing out of a losed surfae. This is
a diret proof of the well known result that the energy density of massless radiation
sales as a−4.
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3 Dira Field
In NP formalism, the four omponents of the Dira spinor eld of mass M are
represented by the four funtions P 0, P 1, −Q¯0′ and Q¯1′ that satisfy the following
Dira equations[11℄:
(D + ε− ρ)P 0 + (δ∗ + pi − α)P 1 = iM√
2
Q¯1
′
,
(∆ + µ− γ)P 1 + (δ + β − τ)P 0 = −iM√
2
Q¯0
′
,
(D + ε∗ − ρ∗) Q¯0′ + (δ + pi∗ − α∗) Q¯1′ = −iM√
2
P 1, and
(∆ + µ∗ − γ∗) Q¯1′ + (δ∗ + β∗ − τ ∗) Q¯0′ = iM√
2
P 0. (19)
Substituting
(√
2ra
f
P 0, ra
2
f
P 1,−
√
2ra
f
Q¯0
′
, ra
2
f
Q¯1
′
)
with
(
Φ−1/2Y−1/2,Φ1/2Y1/2,Φ−1/2Y1/2,Φ1/2Y−1/2
)
,
using the diretional derivatives and spin-oeients given in Se. 1, and following
similar tehniques, the angular parts of Eqs. (19) are found to separate into(
L± +
1
2
cot θ
)
Y±1/2 = ∓λY∓1/2, (20)
while the radial and time parts satisfy
rD±Φ±1/2 = (fλ∓ iMra) Φ∓1/2. (21)
Substituting for Y+1/2 =
(
L− + 12 cot θ
)
Y−1/2 from Eq. (20) into the one for Y−1/2,
and a similar proess with Y−1/2, gives us the two angular equations(
1
sin θ
∂
∂θ
sin θ
∂
∂θ
± i cos θ
sin2 θ
∂
∂ϕ
+
1
sin2 θ
∂2
∂ϕ2
− 1
4
cot2 θ − 1
2
+ λ2
)
Y±1/2 = 0 (22)
where the Y 's are the appropriate spin weighted spherial harmonis, and the eigen-
value an be identied as λ = (l + 1/2); l is again the total angular momentum
inluding the spin, i.e., l = n+1/2, where n = 0, 1, 2, 3.... The radial and time parts
of Eq. (21) an be separated with the substitution Z± = Φ+1/2 ± Φ−1/2 = R±T± to
give
1
R∓
(
∂
∂r∗
∓ λf
r
)
R± =
1
T±
(
∂
∂η
± iMa
)
T∓ = ik, (23)
whene the separation onstant k = pa may be identied with the o-moving mo-
mentum. The oupled rst order equations in Eq. (23) an be ombined into pairs
of seond order equations(
∂
∂r∗
± λf
r
)(
∂
∂r∗
∓ λf
r
)
R± =
(
∂
∂η
± iMa
)(
∂
∂η
∓ iMa
)
T± = −k2Z±. (24)
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3.1 Radial Solutions
The radial parts take the form of the barrier penetration problem[
d2
dr2∗
+ k2
]
R± = V±R±, (25)
where the potentials are
V± = λ2
f 2
r2
± λ d
dr∗
(
f
r
)
. (26)
Expliitly, the potentials in the three ases are
V± = (l + 1/2)×


(l + 1/2∓ 1)/r2, K = 0
(l + 1/2∓ cos r∗)/ sin2 r∗, K = 1
(l + 1/2∓ cosh r∗)/ sinh2 r∗, K = −1
. (27)
In ontrast to the ase of the eletromagneti eld, the two spin states of the Dira
eld see dierent potentials. These potentials are shown in Fig. 3. In the at FRW
universe, the potential barriers basially go down as 1/r2, but V+ is seen to vanish
for l = 1/2; this lowest spin state behaves as a free eld as far as the radial o-
ordinate is onerned. In the losed universe, the potentials are again innite wells;
for l = 1/2 however, V+ attens out towards the origin and V− towards pi, reahing
the limiting value of 1/2 at the respetive ends. The potential in the open universe is
even more interesting; V+ is negative throughout for l = 1/2, reahing the minimum
of −1/2 at the origin and approahing 0 from below for large r∗; even for large l, V+
goes down rapidly from∞ at the origin, beomes negative from cosh r∗ > (l+1/2),
reahes the minimum of V+min = −12(l + 1/2)
(
l + 1/2−√(l − 1/2)(l + 3/2)) at
cosh r∗ = (l + 1/2)+
√
(l − 1/2)(l + 3/2) , and then rises up to zero from below
as r∗ → ∞; the Dira elds of dierent l in the open universe see the attrative
potential V+ with loation of the minimum at dierent r∗ for dierent l. The radial
equations turn out to be solvable for all the three ases (K = 0,±1), and the
behaviour of the radial part is the same for both the massive and massless elds.In
the at universe with K = 0, Eq. (25) has the solutions
R± = r
[
A1/2jl∓1/2(kr) +B1/2yl∓1/2(kr)
]
. (28)
For regular solution at the origin, we would hoose the j's, some modes of whih
are illustrated in Fig. 4. In the losed Universe, the radial equations are easily
reognized as that for the Jaobi P
(α,β)
ν funtions. Thus, the solutions that are
regular between 0 ≤ r∗ ≤ pi an most onveniently be written as
R± = C1/2 sin
l r∗
(
cot
r∗
2
)±1/2
P
(l+1/2∓1/2,l+1/2±1/2)
k−l−1 (cos r∗). (29)
Some typial behaviour are shown in Fig. 4. The solution in the open universe that
are just the replaements k → ik and r∗ → ir∗ in Eq. (29), are also shown in Fig.
4.
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3.2 Time Dependene
The time dependene of the Dira eld is determined by the equation[
d2
dη2
+ k2
]
T± = VT±T±, (30)
whih orresponds to a lassial osillator in a omplex time potential
VT± = −M2a2 ± iMa˙. (31)
The mass that has oupled with the sale fator beomes dominating at large a.
The behaviour of the solution is ontrolled by the evolution of the sale fator, viz.,
the Friedmann equation. Friedmann equation for a universe lled with radiation,
massive partiles and also posessing a osmologial onstant an be written as
a˙2 = ΩΛa
4 + (1− ΩM − ΩR − ΩΛ) a2 + ΩM
√
(1− v2) a2 + v2 + ΩR, (32)
where an overall fator of H20 on the right hand side has been set equal to unity
so that η is in units of Hubble time; ΩR,M,Λ are the respetive radiation, matter
and vauum densities in units of the ritial density ρc, and v is the rms speed
of the matter partiles, all at a referene onformal time η0 when the sale fator
a = a0 = 1; as before, the overdot denotes derivative with respet to η. In this paper,
we will onern ourselves with ΩΛ = 0. In the form in whih we have written the
Friedmann equation, we may as well set ΩR = 0 and onsider only ΩM ; then v = 1
orresponds to radiation, v = 0 is dusty matter of zero pressure, and 0 < v < 1
for any real matter of nite mass; this is how VT are displayed in Fig. 5 for the
three ases of Ω0 = 1 (at), Ω0 > 1 (losed), and Ω0 < 1 (open) universes. For the
massless eld, VT = 0, and the time dependene is the usual e
−ikη
. In terms of the
time marker a rather than η, Eq. ( 30) reads as[
a˙2
d2
da2
+
d
da
+ k2 +M2a2 ∓ iMa˙
]
T± = 0, (33)
whih is in a more onvenient form to takle the massive ase. Given the time
evolution of a by Eq. (32), we an nd series or numerial solution of Eq. (33) for
any general ase.
Here, we present the solution, in terms of Whittaker funtion, in the radiation
lled at universe where a˙ = 1. In ontrast, Sharif[8℄ had to solve for the oeients
of a series solution. This may be due to the hoie of dierent bases; the time
dependene, Eq. (30), is slightly dierent than that of Sharif and Zea[7℄. The
solution is
T+ = A+e
−iMη2/2U(
ik2
4M
+
1
2
,
1
2
, iMη2) = A+
1
4
√
iMη2
W− 1
4
(
1+ ik
2
m
)
,− 1
4
, (34)
where U and W are the onuent hypergeometri and Whittaker[13℄ funtions re-
spetively. The logarithmi solution is hosen beause it reverts to the massless
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behaviour e−ikη in the large k limit; viz., T+ → A+
√
pie−iη
√
k2−2iM
as k →∞. Some
typial ases of the solution are plotted in Fig. 6.
At early times, for any kind of FRW universe, we may make an expansion of the
sale fator as a→ a˙Iη,where a˙I is the slope of a at the big bang. From Eq. (32),
we see that a˙I ≈
√
ΩMv + ΩR, and a is linear in η. So the above solution, Eq. (34),
is valid with the replaement M → M√ΩMv + ΩR.
One an fator out a time dependene T± = e±iM(t−t0)T1± to write Eq. (30) in
the form of a damped osillator,
d2T1±
dη2
± 2iMadT1±
dη
+ k2T1± = 0, (35)
with a veloity dependent imaginary damping that is itself time dependent. A
formal series solution of this equation, in terms of x = η− η0 , may be written down
by rstly making a Taylor expansion of the sale fator as a (η) =
∞∑
n=0
an
n!
xn, where
an =
dna(η)
dηn
|η0 . As dη = dx, Eq. (35) looks the same with η → x. Then the series,
T1 =
∞∑
n=0
bnx
n
, an be substituted in the equation to nd the reursion relation
n(n− 1)bn = (−ik)2bn−2 − (±2iM)
n−2∑
m=0
am
m!
(n−m− 1) bn−m−1; (36)
T1± will be appropriately normalized, aording to the requirements that will be
disussed below, with the hoies b±0 = ±1/
√
2 and b±1 = ∓ik/
√
2. ForM = 0, the
solution is T1 = e
−ikx/
√
2.
3.3 Dira Partile Current
With the generalized form of the Pauli matrix in terms of the null-tetrad
σµAB′ =
1√
2
(
lµ mµ
m∗µ nµ
)
,
and the partile urrent written as
1√
2
Jµ = σµAB′
(
PAPA′ +QAQB′
)
, it is easily seen
that the ontinuity equation ∂µ
(√
gJµ
)
= 0 has to be satised. In partiular, we
an alulate
Jη =
f 2
4r2a4
[|Z+|2 + |Z−|2] (|Y+|2 + |Y−|2) and
Jr = − f
3
4r2a4
[
Z∗+Z− + Z+Z
∗
−
] (|Y+|2 + |Y−|2) . (37)
The time omponent of the partile urrent an be identied with the number density
as n = J t = aJη, so that na3 = a4Jη is the partile number density per unit o-
moving volume. As a onsequene of the Dira equations, Eq. (23), we have on
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hand a number of Wronskian like onditions on the radial and time parts, of whih,
two useful ones are
d
(
R∗+R−
)
dr∗
= −d
(
R+R
∗
−
)
dr∗
= ik
[|R+|2 − |R−|2] and
d |T+|2
dη
= −d |T−|
2
dη
= ik
[
T ∗+T− − T+T ∗−
]
. (38)
From the rst we see that R∗+R− + R+R
∗
− = C1 is a real onstant, whih must be
equal to zero as will be shown presently; hene R∗+R− must be purely imaginary.
Similarly, from the seond one we nd that |T+|2+|T−|2 = C2 must be a positive real
onstant whih an be normalized to unity. Now, ∂η
[|Z+|2 + |Z−|2] = |R+|2 d|T+|2dη +
|R−|2 d|T−|
2
dη
=
(|R+|2 − |R−|) d|T+|2dη = 1ik d(R∗+R−)dr∗ d|T+|2dη . Thus, ∂η√gJη = √g3∂η (na3) =
1
4ikf
d(R∗+R−)
dr∗
d|T+|2
dη
(|Y+|2 + |Y−|2), and the partile urrent out of a o-moving spatial
volume of radius r is the integration over the spatial volume:
∂ (Na3)
∂η
=
∫ r
0
drdθdϕ
1
4ikf
d
(
R∗+R−
)
dr∗
d |T+|2
dη
(|Y+|2 + |Y−|2) = R∗+R−
2ik
d |T+|2
dη
;
(39)
here, we have used the property that the produt of the radial funtions vanishes
at the origin, and N is the total number of partiles remaining within the vol-
ume. Thus, the net hange in the number of of partiles within a o-moving vol-
ume of radius r between the times η0 and η is given by ∆N = N0a
3
0 − Na3 =
R∗
+
R−
2ik
[|T+ (η0)|2 − |T+ (η)|2]. The o-moving partile urrent of Eq. (39) has to be
equal to the partile ux out of a losed surfae enlosing the above volume. This ux
an be alulated by noting that Z∗+Z− + Z+Z
∗
− =
[
R∗+R−T
∗
+T− +R+R
∗
−T+T
∗
−
]
=[
R∗+R−T
∗
+T− +
(
C1 − R∗+R−
)
T+T
∗
−
]
=
R∗
+
R−
ik
d|T+|2
dη
+ C1T+T
∗
−. Hene, the ux is
−a4 ∫ dΣrJr = R∗+R−2ik d|T+|2dη + (term with C1). For this ux to be equal to the partile
urrent of Eq. (39) as required by ontinuity equation, C1 = 0, as was asserted
earlier. Thus the partile urrent out of a o-moving volume is nite, unless |T+|2
is a onstant, as would be for the massless ase where the time dependene e−ikη
keeps the o-moving partile number onserved for all times.
For the massive ase on the other hand, as |T+|2 annot be a onstant, the partile
urrent does not vanish, but its magnitude goes down nonetheless with the expan-
sion. Expliitly, in the radiation lled at ase that was solved in Eq. (34), the ap-
propriately normalized time funtions are T+ =
√
k2/4M
cosh
(
pik2
4M
)
+sinh
(
pik2
4m
)e−iMη2/2U
(
ik2
4M
+ 1
2
, 1
2
, iMη2
)
and T− =
√
1
cosh
(
pik2
4M
)
+sinh
(
pik2
4m
)e−iMη2/2U
(
ik2
4M
, 1
2
, iMη2
)
whose sum of the modulus-
squares is unity, while R∗+R− = i |A+|2 r2jl−1/2 (kr) jl+1/2 (kr); then the partile
urrents an be easily evaluated. A point to be noted is that in the at universe,
taking the limit r → ∞ of Eq. (39), the produt of the radial funtions vanishes,
so that the o-moving partile number of the whole universe still remains onstant.
The behaviour of ∂η (Na
3) are shown in Fig. 7 as a funtion of r at a time η = 1.
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As is evident from the relation itself and from the gure, for a given k, the urrent
beomes zero at the zeroes of the j's at partiular values of r; these nodal points
are not dependent on the mass of the Dira eld, but only on k and l. Hene, the
urrent osillates between positive and negative values. This is also seen in Fig.
(7). As a result, the partiles ow out of regions of negative urrent into those of
positive, and the radial dimensions develop areas of depleted and exess partiles.
The magnitude of the urrent at a partiular r just goes down with η, Fig. (8). It
is seen that the magnitude of the urrent also goes down with the mass.
This ow of eletrons and protons in or out of dierent regions of the universe
would onstitute a urrent. Suh a urrent would be very prominent during the time
between the eletron-positron annihilation whih left an exess of eletrons and the
reombination when the eletrons were absorbed in the neutral atoms. It is reason-
able to expet that suh harged urrent must have generated a osmi magneti
eld. The magneti eld would greatly modify the osmi hydrodynamis, and have
immense onsequene on distribution of matter and struture formation. Besides
the harge urrent, massive neutrinos would also similarly ow between dierent re-
gions of the Universe. Consequently, homogeneity would be destroyed, and regions
of exess and redued number of neutrino would appear. Suh inhomogeneity in
neutrino distribution ould also greatly aet the proess of struture formation.
3.4 Energy-Momentum of Dira Field
We now look into the behaviour of the energy momentum tensor. The energy-
momentum spinor given in Ref. [11℄ an be used to evaluate it in tensorial form;
the omponents that we are partiularly interested in are:
T ηη = −T rr =
if 2
4a4r2
[
Φ1/2D−Φ
∗
1/2 − Φ−1/2D+Φ∗−1/2 − 
] (∣∣Y1/2∣∣2 + ∣∣Y−1/2∣∣2) ,
T rη = −
if 3
4a4r2
[
Φ1/2D−Φ
∗
1/2 + Φ−1/2D+Φ
∗
−1/2 − 
] (∣∣Y1/2∣∣2 + ∣∣Y−1/2∣∣2) ,
T θθ = −T ϕϕ . (40)
The angular omponents are not expliitly required for our purposes; it sues us
to know that T µν is traeless. The onservation equation then reads ∂η
(√
gT ηη
)
=
−∂i
(√
gT iη
)
, and T ηη is just the energy density ρ. The angular integration may be
easily done. Evaluating the square braket in the expression for T rη we nd that it is
−ik (|T+|2 + |T−|2) [R∗+R− +R+R∗−]; it was shown in the previous subsetion that
the time term in the round braket is onstant while the radial term in the square
braket vanishes. Hene the momentum ux out of a o-moving volume is zero and
a4ρ remains onstant during the evolution of the Universe. It is indeed intriguing
that the Dira partile urrent is nite and the number density is not onserved
within a o-moving volume, but the momentum urrent vanishes and the o-moving
energy density remains onstant.
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4 Conlusions
In this paper, the relevant elds of eletrodynamis, viz., the free Maxwell and Dira
elds, in Friedmann-Robertson-Walker spaetime have been investigated using the
Newman-Penrose method. All the variables are found to be separable, and the
angular solutions are the spin-weighted spherial harmonis. The massless elds
have the usual exponential time dependenies. All the radial parts redue to the
quantum mehanial barrier penetration problem, with well behaved potentials that
are basially the entrifugal energies. The potentials seen by one omponent of the
Dira eld, R+, are interesting; its lowest angular momentum state sees no potential
in the at universe, while it sees an attrative one throughout the open universe;
from afar, all angular momentum states of this omponent see attrative potential
in the open universe. Consequenes of this eet may provide a means to determine
whether the Universe is at, open or losed. All the radial equations are solved.
The time evolution of the massive Dira eld is found to be oupled to the
evolution of the osmi bakground. Although the temporal part of the massless
Dira eld is that of a free lassial osillator, the massive eld experienes a omplex
potential; the real part of this time-potential is a downturned parabola as a funtion
of the sale fator, going to deeper negative values with the expansion; the imaginary
part is proportional to the rate of hange of the sale fator. However, in the speial
ase of the radiation lled at universe where a˙ = 1, an analyti solution has been
determined.
The behaviour of the respetive onserved urrents and uxes have also been
disussed. The onservation of the energy-momentum of the Maxwell eld leads
to expeted results: the momentum ux out of a losed o-moving surfae times
a4 vanishes; onsequently, the energy density sales as a−4. The behaviour of the
massless Dira eld is also similar: its o-moving number density is onserved and
there is no partile urrent out of a o-moving volume; its energy density also sales
as a−4. The massive Dira eld on the other hand shows a very dierent behaviour:
the o-moving partile urrent is not zero, and obviously, the partile number within
a o-moving volume is not onserved; this urrent depends on the mass of the eld.
Hene, regions that are depleted of partiles of ertain angular and linear momenta,
and others with exess, will appear in the universe. This ould lead to eets that
have not yet been onsidered in studying struture formation. Similar urrents of
eletrons and protons that existed before the reombination era should have gener-
ated a osmi magneti eld. The existene and shape of suh a magneti eld would
have strong inuene on the hydrodynamis of osmi matter, resulting in hitherto
unaounted eets on the struture formation proesses. Further onsequenes and
interation between the elds will be investigated in subsequent works.
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Figure 1: The tortoise oordinate r∗ as a funtion of r. In at spae with K = 0,
(solid), the two o-ordinates are idential. For K = 1 (dotted), r∗ plateaus o to a
value of pi at large r. For K = −1 (dashed), the maximum value that r an have is
2, where r∗ →∞. For small r, all three ases are alike.
0 1 2 π/2 π 0 1 2
r∗
10
20
V
Figure 2: The potential seen by eletromagneti waves. l = 1, 2, and 3, for the solid,
dotted and dashed lines. K = 0, 1, and −1 from left to right. The potential is a 1/r2
wall in the rst, beome innitely high wall at eah boundary in the seond, and an
exponentially deaying wall in the third ase. The walls are thiker for higher l.
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Figure 3: The potentials seen by the radial part of the Dira eld. l = 1/2, 3/2
and 5/2 for the solid, dotted and dashed urves. K = 0, 1 and −1 from top to
bottom. The gures on the left are V+ and the right are V−. For l = 1/2, V+
vanishes in the at universe and beomes a negative well in the open universe. At
larger r∗ in the open ase, V+ falls down rapidly from ∞ at r∗ = 0 to a negative
minimum value and rises asymptotially to zero from below. In the losed universe,
for l = 1/2, V+ → 1/2 as r∗ → 0, and V− → 1/2 as r∗ → pi.
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Figure 4: The radial parts of the Dira eld. K = 0, 1 and −1 from top to bottom.
In the top one: k = 1/2, 3/2 and 5/2 from left to right; l = 1/2, 3/2 and 9/2 for the
solid dotted and dashed urves. In the middle and bottom rows, l = 1/2, 3/2 and
9/2 from left to right; k = l + 1, l + 2 and l + 4 for the solid, dotted and dashed
lines. In the bottom row,the minimum of V+ are −0.5,−0.27 and −0.25 from left to
right; in the left, k = 0.1, 0.4 and 0.6 for the solid, dotted and dashed lines; in the
other two, k = 0.1, 0.24 and 0.3 for the solid, dotted and dashed lines.
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Figure 5: The potentials seen by the temporal part of the Dira eld as a funtion
of the sale fator a. The rest mass has been set to unity. K = 0, 1 and −1 from
top to bottom. The real part of the potentials (solid lines) is the same.The broken
lines are ImVT+ = −ImVT−. The dotted lines are for radiation lled universe with
partiles of rms speed v0 = c, the dashed lines with v0 = 0.3c are for the universe
near transition to the non-relativisti phase, and the dot-dashed lines are for dust
lled universe with v0 = 0.
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Figure 6: The time part of the massive Dira eld in a radiation lled at universe.
M = 1 in the solid and broken urves, for whih k = 1 and 2 respetively. M = 2
in the dot-dashed and the dashed urves, for whih k = 1 and 2 respetively. The
funtions are normalized aording to |T+|2 + |T−|2 = 1.
2 4 6 8 10
r
∂η[ Na3]
Figure 7: The Dira urrent in a radiation lled at universe as a funtion of r.
They are all shown at time η = 1. All the urves are for l = 1/2, exept the dotted
one of 5/2. The mass is 1 for all exept the dashed-dotted urve whih is forM = 2,
and k = 1 for all exept the broken line for whih it is 2. The urrent is seen to go
down with M . The partiles ow out of the regions of negative urrent, and into
those of positive. So the regions develop into those depleted of ertain k and l, and
those with exess.For example, the region up to r = 3 is almost devoid of partiles
of l > 1/2
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Figure 8: The time dependene of the Dira urrent in a radiation lled at universe
at partiular r. All are at r = 4, exept the dashed-dotted one at r = 1. Values of
l,M and k are as in the Fig. (7) . The magnitude of the urrent goes down with
time.
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